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1 Introduction: Geometric Preliminaries 

There is a growing interest in the geometry of Ricci flows [D [21 El IH E] 
and its applications in high energy physics and cosmology [HI El El El CHI E] ■ 
This prompts one to study systematically various examples of exactly solv- 
able models. This paper is a continuation of [12j^ . extending our previous 
works [13] and [H], oriented to a research on three dimensional (3D) Ricci 
flows with nonholonomic deformations of Thurston's geometries or topolog- 
ical Taub-NUT-AdS/dS (anti-de Sitter /de Sitter) configurations [ISl ITU] . 
The 3D case is the simplest one when exact solutions for nonholonomic Ricci 
flow equations can be constructed in explicit form and related to physically 
important exact solutions of the Einstein equations. Such 3D metrics are 
characterized by corresponding nonholonomic symmetries and, in general, 
possess nontrivial torsion induced by nonholonomic deformations and/or 
from string gravity. 

In this paper, we shall study 3D Ricci flows of off-diagonal metrics triv- 
ially embedded into a 4D spacetime, 

g = g^{u)du- ® du^, (1) 
^See there detailed motivations and outlines of the anholononiic frame method. 
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where 



9al3 



N-hbe hab 



ae 



with the indices of type a, /? = (i, a), (j, h)... running the values j, ... = 1, 2 
and a,b,... =3,4 (we shall omit underlying of indices for the components 
with respect to coordinate basis if that will not result in ambiguities) and 
local coordinates labeled in the form u = {x,y) = {u" = {x\y°')}. In order 
to preserve a unique system of denotations together with Ref. we shall 
consider parametrizations when Qn = ^ = ±1 and = 0, g22 = g22{x^), 
hae = diag[hl{x^,y''),hl{x^,y^)] and N2 = N2{x'^,y''), i.e. when the coordi- 
nate will not be contained into further ansatz for metric and connections. 
This formal convention will allow to apply directly a number of results con- 
sidered in 4D gravity and related Ricci flow solutions (we shall omit proofs 
and details in such cases and we shall refer the reader to the corresponding 
works where similar cases were analyzed for 4D or 5D constructions). 

We write the normalized Ricci flow equations [H El El HI El [7] in the form 



where Ra/3 is the Ricci tensor of a metric ga/3 and corresponding Levi Civita 
connection (by definition this connection is torsionless and metric compat- 
ible) and the normalizing factor r = J RdV/dV is introduced in order to 
preserve the volume V. It should be emphasized that in our works [121 Ej 
the running parameter r is treated as a space-time coordinate (usually being 
time like or extra dimension one), which is naturally in order to relate the 
constructions with physical models on pseudo-Riemannian spaces. In this 
case, it is a more difficult task to construct exact solutions. For flows on Rie- 
mannian manifolds with r considered as an "external" parameter labeling 
families of metrics, the method of generating nonholonomic exact solutions 
simplifies substantially. 

We can represent the metric ([I]) in effectively diagonalized (1 + 1 + 2)- 
distinguished form 



g = gM ® c° = e 6^ ® 6^ + g2{x^) b^®b^ + K{u) ® 6^ (3) 



d ^ 2r 



gap — —'^Rqfi + ~r9afi, 



(2) 



with respect the basis 




(4) 



being dual to the local basis 



d 




(5) 



62 = 



dx'^ 
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where dx^ and di = d/dx^ are not considered in the case of 3D configurations. 
Such metric parametrizations and frame transforms have been introduced 
in the geometry of nonholonomic manifolds with associated N-connection 
structure defined by the set N = {A^^} stating a nonholonomic preferred 
local frame on a 3D manifold V. We shall examine Ricci fiows of 3D metrics 
parametrized by ansatz of type ([H]) when 

92 = g2{x^), ha = ha{x^, v) , = W2{x'^ , v) , = ^2(0;^ v) , 

for = V being the so-called "anisotropic" coordinate. 

In order to consider fiows of metrics related both to the Einstein and 
string gravity (in the last case there is a nontrivial antisymmetric torsion 
field), it is convenient to work with the so-called canonical distinguished 
connection (in brief, d-connection) D = {F'^^^j which is metric compatible 
but with nontrivial torsion (see formulas (54) and related discussions for 
formulas (53), (56)- (60) in Appendix to [E])- Imposing certain restrictions 
on the coefficients we can satisfy the conditions that the coefficients of 
the canonical d-connection of the Levi-Civita V = { ^^-y) defined by 
the same nontrivial values T'^^p = ^'^^p "with respect to N-adapted basis ^ 
and (HI). 

The Ricci fiow equations ([2]) can be written for the Ricci tensor of the 
canonical d-connection. Rap = [R22, Ra2, Sab], and metric ([3]), as it was con- 
sidered in Refs. [I1II2], 



where X = r /5, = v and r can be, for instance, the time like coordinate, 
T = t, OT any parameter or extra dimension coordinate. The equations ([6]) 
and (171) are just the nonholonomic transform of the Ricci equations ([2]) if 
there are imposed such constraints that F'^^^ = iT^^^. The aim of this work 
is to show how the anholonomic frame method developed in [TU [T2] (for Ricci 
fiows) and in [171 UHl Uni EDI EI] (for off-diagonal exact solutions) can be used 
for constructing exact solutions of the system of Ricci fiow equations (ED and 
dTD describing nonholnomic deformations of 3D Taub-NUT solutions. 

The structure of the paper is as follows: In section 2 we apply the an- 
holonomic frame method in the geometry of Ricci fiows of 3D off-diagonal 
metrics. We construct a general class of integral varieties of Ricci flow equa- 
tions and deflne the constrains for the Levi-Civita conflgurations. Section 



d 



2R22 + 2\g2-h,dTr{N!iN^), 



(6) 




— '^Sab + '^Xhabt 

and (7q,/3 = for a 7^ /5, 



(7) 
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3 is devoted to explicit solution of nonholonomic 3D Ricci flows and con- 
centrate on two examples of constructing solutions starting with primary 
Taub-NUT-dS metrics. We consider details on derivation of solutions and 
analyze flows on holonomic and anholonomic time like coordinate. The last 
section is devoted to conclusions and discussion. 



2 Geometry of 3D Off— Diagonal Ricci Flows 

In this section, we show how following the anholonomic frame method 
the 3D Ricci flow equations can be integrated in a general form. 

2.1 Ricci flow equations for off— diagonal metric ansatz 

The nontrivial components of the Ricci tensor Rafj (see details of a similar 
calculus in Ref. [1^) are 



^ ^ 2h^h. 



3 "-4 



, (Kf hihi 



(8) 



R32 = {W2f3 + 02) , (9) 



2h, 

5_ 
2/l4 



R42 = -^{nT + in;) (10) 



where 



a2 = d2K - Kd2 In ^/\hM. P = K* - hi (in v^M^) * , (11) 
7 = 3/i*/2/i4 - hl/hs, for h; ^ 0, /i* ^ 0, 

defined by h^, and /14 as solutions of equations ([7j). In the above presented 
formulas, it was convenient to write the partial derivative on the so-called 
"anisotropic" coordinate v in the form a* = da/dv. 

We consider a general method of constructing solutions of the Ricci flows 
equations related to so-called Einstein spaces with nonhomogeneously polar- 
ized cosmo logical constant, when 

Rai3 = and gap = for a 7^ /3, 

with A[„] induced by certain string gravity ansatz, or matter field contribu- 
tions, see [H [12]. 
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The nonholonomic Ricci flows equations © and ([7]) for the Einstein 
spaces with nonhomogeneous cosmological constant defined by ansatz of type 
(IH]) transform into the following system of partial differential equations con- 
sisting from two subsets of equations: The first subset of equations consists 
from those generated by the 3D Einstein equations for the off-diagonal met- 



-/^r + ^ + ^ = 2/^3/^4AM(x^^;), (12) 

W2p + a2 = 0, (13) 
n**+in; = 0. (14) 

The second subset of equations is formed just by those describing flows of 
the diagonal, gij = diag[e,g2] and hab = diag[hs, h^], and off diagonal, W2 
and n2, metric coefficients, 

d d d 

—g2 = -h-i—{w2W2)-hi—{n2n2), (15) 
d 

—ha = 2A[^,](x^f) ha. (16) 



d 



r 



The aim of the next section is to show how we can integrate the equations 
(|T2l)-(|T6l) in a quite general form. 



2.2 Integral varieties for 3D Ricci flow equations 

The equation (1121) relates two nontrivial v-coefficients of the metric co- 
efficients /i3(a;^,f) and hi{x^,v) depending on three coordinates but with 
partial derivatives only on the third (anisotropic) coordinate. As a matter of 
principle, we can fix h^ (or, inversely, h^ to describe any physically interest- 
ing situation being, for instance, a solution of the 3D solitonic, or pp-wave 
equation, and than we can try to define ^4 (inversely, /13) in order to get a 
solution of ( fT2|) . Here we note that it is possible to solve such equations for 



any A[^,](x^,f), in general form, ii h\ ^ Q (for h\ = 0, there are nontrivial 
solutions only if A[t,] = 0). Introducing the function 



In 



h^ih 



3"-4| 



(17) 



we write that equation in the form 



-2Ar 
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Using ffT7|) . we express ^/Jhshil as a function of (f) and hi and obtain 

= -(e^)74AH (19) 
which can be integrated in general form, 



hi = h4[o]{x') - - I dv 



(20) 



where /i4[o] {x^) is the integration function. Having defined /i4 and using again 
(fT7|) . we can express /13 via /i4 and 0, 



I/, I 4e-20(x^^,) 



hi 



[21] 



The conclusion is that prescribing any two functions 0(x^,t;) and A[t,](x^, f) 
we can always find the corresponding metric coefficients /13 and /14 solving 
(fT2l) . Following ( |2T1) . it is convenient to represent such solutions in the form 



hi = ti [6(x^,f) — 60(3;^)] 
/i3 = 4e3e-='^("''") [6 



where 



= ±1 depending on fixed signature, hQ{x'^) and 0(x^,f) can be 
arbitrary functions and b{x'^,v) is any function when b* is related to and 
A[t,] as stated by the formula (fT9l) . Finally, we note that if A[^] = 0, we can 
relate h-^ and h^ solving ffT^ as (e*^)* = 0. 

For any couples /13 and hi related by ( |T2l) . we can compute the values 02 , /3 
and 7 dm). This allows us to define the off-diagonal metric (N-connection) 
coefficients W2 solving (fT3|) as algebraic equations. 



W2 



-012/13 



-a 



(22) 



We emphasize, that for the vacuum Einstein equations one can be solutions 
of ([T2D resulting in 0:2 = /? = 0. In such cases, W2 can be arbitrary functions 
on variables (x^,f) with finite values for derivatives in the limits 02, /5 — ^ 
eliminating the "ill-defined" situation W2 —>■ 0/0. For the Ricci fiow equations 
with nonzero values of A[^], such difficulties do not arise. The second subset 
of N-connection (off-diagonal metric) coefficients 77.2 can be computed by 
integrating two times on variable v in (fT^ . for given values h^ and hi. One 
obtains 



n2 = n2[i](x^) +n2[2]{x'^) h2{x^,v), 



(23) 
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where 



= J h^dv, hi = 0; 

and n2[i](x^) and n2[2]{x'^) are integration functions. 

We conclude that any solution (/i3, h^) of the equation (fT2l) with Q 
and non-vanishing A[^,] generates the solutions (1^ and ([2SD, respectively, of 
equations (fT^ and (fT^ . Such solutions (of the Einstein equations) are de- 
fined by the mentioned classes of integration functions and prescribed values 
for and ip{x^). Further restrictions on (€,5^2) and [hzih^) are neces- 

sary in order to satisfy the equations f|T5|) and f|T6l) relating flows of the metric 
and N-connection coefficients in a compatible manner. It is not possible to 
solve in a quite general form such equations, but in the next section we shall 
give certain examples of such solutions defining fiows of the Taub-NUT like 
metrics. 

2.3 Extracting solutions for the Levi-Civita connection 

The method outlined in the previous section allows us to construct inte- 
gral varieties for the Ricci fiow equations ( fT2l) - (|T6l) derived for the canonical 
d-connection with nontrivial torsion, see formulas (56) and (52) in Appendix 
to Ref. [12]. We can restrict such integral varieties (constraining the off- 
diagonal metric, equivalently, N-connection coefficients W2 and n2 and re- 
lated integration functions) in order to generate solutions for the Levi-Civita 
connection. The conditions .F^^ = F'^^^ (i.e. the coefficients of the Levi- 
Civita connection are equal to the coefficients of the canonical d-connection, 
both classes of coefficients being computed with respect to the N-adapted 
bases (jlj) and ^) hold true if there are satisfied the equations (see (60) in 
Appendix to Ref. 

^We emphasize that the connections on (pseudo) Riemannian and/or Riemann-Cartan 
spaces are not defined as tensor objects. If their coefficients are equal with respect to one 
frame, they can be very different with respect to other frames. 
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g^-w2h;-2w;h = 0, (24) 

w,hl = 0, (25) 
n;/i4 = 0. (26) 



The relations (HM and (12511 are equivalent for the general solutions h^, see 
(I2T]) . /i4, see ( l20l) and W2, see (l22l) . generated by a function 0(x^,f) (JTTll if 
(/) ^ (/) — In 2, when 



and 



ln| (v^)Vln| (v^ 



W2 = (K) 



where = const is possible only for the vacuum Einstein solutions. In a 
particular case, we can consider any parametrization of type W2 = W2{x'^)q{v) 
for some functions Wkix"^) and q{v). The condition ( l26l) for /i4 7^ constrains 
ng = which holds true if we put the integration functions n2[2] = in (1^ . 
when n2 = n2[i]{x'^). 

The final conclusion in this section is that taking any solution of equations 
(fT2l) . ( fT3l) and (IT^ we can restrict the integral varieties to such integration 
functions satisfying the conditions when the torsionless configurations for the 
Levi-Civita connection are extracted. 



3 Nonholonomic 3D Ricci Flows and Taub— 
NUT-dS Metrics 

We analyze the anholonomic frame method of constructing solutions 
defining Ricci flows and exact solutions for three dimensional (3D) space- 
times with negative cosmological constant A = —1//^. The primary metrics 
are those for a U{1) fibration over 2D spaces with constant curvature. By 
nonholonomic deformations we shall transform such spaces into 3D manifolds, 
or foliations (because in this case the nonholonomic structure is integrable), 
with effective cosmological "constant" (anisotropically depending on some 
coordinates, or running in time) polarized by string corrections, Ricci flows, 
nontrivial torsion contributions, .... 
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3.1 Solutions for 3D Ricci flows 



We deform a primary metric g = [^'25 ^a, -^^^2] (i^ ^^e next section such 
coefficients will be stated to define certain 3D Taub-NUT like metrics) by 
considering polarizations coefficients 772, ^70, ^2 resulting in the coefficients of 
ansatz ([3D, 

92 = r]2{x\ v)g2, K = r]a{x\ v)ha, = r/2"(x^ v)N^. (27) 

In explicit form, such coefficients will define nonholonomic 3D Ricci flows of 
certain type primary metrics. In this section we shall consider details and 
examples on constructing nonholonomic Ricci flow solutions. 



3.1.1 General solutions for the Ricci flow equations 

The set of solutions of f|T2l) is parametrized by any functions h^{x'^ , v) and 
hi{x'^,v) related by the condition fl?T|) . i.e. when 



:28i 



|/,3|=4e-2^(-"'^)[(v^)" 

for hi ^ and 0(a;^, v) is a function to be computed from 

\hl\ = -(e^)74A[,] (29) 

where X[y]{x'^,v) is the "vertically polarized cosmological constant. If A[^,] 
0, we have to take — > such way that does not vanish. 

The N-connection coefficients W2 and n2 are respectively defined by for- 
mulas ([22D and ([23D, when 



W2 = -d2(j)/(j)* (30) 

and 

n2 = n2[i]{x'^) +n2[2]{x'^) n2{x'^,v), (31) 

where 



n2{x'^,v) 



h3{V\h4\r'dv,hl^0- 
h^dv, hi = 0; 
{^Ah^\)~'dv,h; = 0. 



One should be noted that the coefficients (EHl), (El), ([30]) and ((STj) for 
the ansatz ([3]) were computed to define exact solutions for the 3D Einstein 
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equations with prescribed polarizations of cosmological constants, for tfie 
canonical d-connection. We can extract 3D (pseudo) Riemannian foliations 
if we impose further constraints on the N-connection coefficients in order to 
extract torsionless configurations for the Levi-Civita connection. This is pos- 
sible for any parametrizations of type W2 = W2{x'^)q{v) and if the integration 
function n2[2]{x'^) is stated to be zero. 

The flow equations for the 3D ansatz , derived from the equations (fT^ 
and dH]), 

d d 

-2w2h3—W2 - 2n2h4—n2, (32) 

2A[^](x^f) ha. (33) 

In explicit form, families of solutions of these equations can be generated by 
fixing r = x^, or r = f , and integrating the equations for certain prescribed 
values X[^]{x^,v). In a particular case, we can state that the target solutions 
define spacetimes with effective cosmological constant induce from string 

gravity, when X[h] = \[v] = — 4^ (see Appendix in Ref. [12]); we have to 
solve the equations ( l32l) and ( 133|) for a such type prescribed cosmological con- 
stant. Inversely, we can consider that A[t,](x^,f) defines a nonhomogeneous 
polarization of the cosmological constant A = — 1//^ in 3D gravity, defining 
self-consistent non trivial Ricci fiows under nonholonomic transforms. 

We can chose the function 0(a:^, v) from (1^ and (^U^j to have I/13I = |/i4|EI 
For such parametrization, the equations (1321) and (1331) simplify substantially, 

where we take the sign "+" if the coordinates and y'^ have the same sig- 
nature, or "— " for different signatures. For n2 = 0, which is always possible 
if we state that the integration functions in (1311) are zero (in this case we 
generate the Levi-Civita configurations), we can define in explicit form cer- 
tain classes of exact solutions derived for any prescribed values of generating 
function 0(x^,f) and A[/i](x^). The simplest approach is to compute the ef- 
fective vertical polarization of the cosmological constant, i.e. the function 
A[t,](x^,f). Here it should be noted that the type of solutions depends on the 
fact if the variable r is holonomic or nonholonomic. 

■^For 3D solutions, this can be achieved by a corresponding 2D coordinate transform of 
and V. 



d 



92 



dr 



d_ 



92[X 



^ 1 
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3D Ricci flows on holonomic coordinate x^: 

If the flow coordinate is taken to be the holonomic one, r = x^, we obtain 



_d_ 



d 



d 

dx'^ 



In 



^/\h^{x'^,v)\ = X[y]{x^,v). 



(34) 



We search a class of solutions of equations fl34|) with separation of variables 
in the form 

h^ = hi = A{x^)B{v) 

when 

= (/) — In 2 = In 



(35) 



and W2 = ~d2(p/dy(j). We obtain from the first equation that 

\A\=Ao + ^ [ V\dM^\dx' 
8co J 

and B must solve the equation 

BB** + co{B*f - B\B*y 



(36) 







for some integration constants Cq and Aq. For B* = d^B ^ 0, we write the 
last equation as 

(In \B*\Y + co5*(ln |S|)* = (In \B\y. 
Introducing the function H = (In |i?|)*, the equation transform into 

H* 



+ cqB* = 



which can be integrated on v, and than transformed into 

B 



B* 



Ci - CqB 



(37) 



with the solution 

ci In \B{v) \ - cqB{v) = V + vq, 

for some integration constants Cq, Ci and fo. 

Introducing h^, = AB flH31) . for A defined by f lHUj) and B defined by flHTj) . 
into the second equation we get that such solutions can be constructed 
for any polarized on x"^ vertical cosmological constant 

\lv]{x'^) = d2 In \/\A\. 
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We conclude that 3D Ricci flow solutions on holonomic variable x^, with 
separation of variables can be generated for any polarized anisotropically 
cosmological constants with any A[i,](x^). As a matter of principle we can 
consider dependencies of type \[y]{x'^,v) for certain configurations not ad- 
mitting separation of variables. 

Putting together the above formulas, we define a class of 3D metrics 
solving the system 

g = g2{x^){dxY + Mx'^)Biv) [e3{dv + W2ix'^,v) dx^f + e^idy^^f] (38) 

where g2{x'^) is an arbitrary function. There are considered certain integra- 
tion constants cq, ci and Aq to be defined by fixing a 3D local coordinate 
system and certain boundary conditions. The nontrivial N-connection coef- 
ficient is given by 

W2{x'^,v) = -d2\n\A{x'^)\/dJn\B{v)\. 

The metric ( l38l) describes families of Ricci flow solutions for any pre- 
scribed values of g2{x'^) and any polarizations of cosmological constant 
A[^](x2) = 62 In ^\A{x^)\. The physical meaning of such solutions is that they 
describe Ricci flows on coordinate of metrics of type with the Levi- 
Civita connection (when n2 = 0) as flows of 3D Einstein spacetimes with 
effective polarizations of the cosmological constant. In a particular case, we 
can say that X[y]{x'^) is defined by any oscillating function, or one dimen- 
sional solitonic waves with a time like coordinate x^. Such flows are with 
self-consistent (preserved during the flow evolution) separation of variables. 

3D Ricci flows on nonholonomic coordinate v: 

For T = V, the Ricci flows are directed by dependencies on the anholo- 
nomic coordinate, 

= ^{[w2{x\v)Y±[n2{x',v)Y], (39) 
= A[^](x^f), 

where 9^,71,2 = 0, because n2 = n2[i]{x'^), for the Ricci flows of Levi-Civita 
configurations. 

The solution with separation of variables of system ( l39ll when = 
Ai{x'^)B{v) can be performed similarly as for ( IMl) but with = = const 
introduced into B{v) being determined by the same type of solution like (1371) . 



o 
dv 



In 



VMx\v)\ 
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The second difference from the previous case is that there are admitted so- 
lutions for vertically polarized on v cosmological constants when 



A[,](t;) = 9,ln ^\B{v)\. 

This allows us to conclude that nonholonomic 3D Ricci flows with separation 
variables are possible for vertical polarizations of the cosmological constant, 
i.e. for any A[„](t'). In this case, we can also consider dependencies of type 
A[t,](x^,f) for certain configurations not admitting separation of variables. 
Finally, we summarize that the solutions of (1391) are parametrized 

g = g2{x'){dx'f + B{v) [e,dv^ + e,{dy^f] , (40) 

when \h'^\ = B{y) (IH7I) . For this metric, W2{x^,v) = and 

X[v]iv) = dy\n ^y\B{v)\. The Ricci flows described by the metric (HUI) are on 

nonholonomic coordinate v for any A[t,](f). In such cases, the cosmological 

constant anisotropically runs on nonholonomic variable v in the vertical 2D 

subspace. 

3.1.2 3D Ricci flows of Taub Nut metrics with holonomic time 
like coordinate 

We consider the primary ansatz 
ds'^ = e2g2{x'^ iV){dx'^Y + t^h^{dvY + eji/i \dy'^ + h2{x^)dx^^ . (41) 
For the data 

= t,y^ = r,y^ = -d; 62 = -1,63 = 6^ = 1; 

{(/^/4)sinh^r; ( — 2ncoshr; 

(/^/4) cosh^ r; and fi2 = s — 2nsinhr; 
(/V4)e2'-; [ -2ne'; 

we get three classes of exact solutions of 3D Einstein field equations with 
negative cosmological constant A = —1//^ and nut parameter n considered 
in Ref. [TB] and corresponding to some Lorentzian versions of the so-called 
Thurston's geometries [T3]. We analyze nonhlonomic Ricci flows of such 
geometries, on holonomic coordinate = t. 
Applying a conformal map of (HTi) 

ds'^ — > dsf^) = {g2)^^ ds^ 
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and then a nonholonomic transform (the conformal transform is necessary 
in order to define the nonholonomic deformations in a simphfied form), one 
generates the target ansatz 

ds^ = e2V2{t,r){dtY + T]^{t,r)^dr^ (42) 

92{r) 

+V4:i't, r) . Id'd + ritit.r) n2(r) dt]"^ 
92[r) 

which is of type ([3]) with the coefficients considered to be certain functions 
(l28l) . (l29i) . (1301) and (J3T1) induced by nontrivial polarizations 7]2{t,r),ris{t,r), 
77|(t, r) and W2{t, r) in order to solve the 3D equations f|T2|) - f[T^ and the flow 
equation flM|) . 

For a restricted class of polarizations when = 0, r/2 = '72 (^) and 

92it) = -V2it),h = V3{t,r)^^ = T]4{t,r)J^, 

92{r) 92{r) 

we can use the ansatz of type ( l40l) 

g = g2{t){dtf + A{t)B{r)dr^ + (c/t?)^ (43) 
where j/isl = A{t)B(r), 

A = Ao + ^ [ V\dt92it)\dt 

and is defined from 

Ci In l-B(r) I — Co-B(r) = r + tq, 

see formula ( 1371) . The nontrivial N-connection coefficient in (1431) is computed 
as 

W2it,r) = -dt\n\Ait)\/dr\n\Bir)\. 

The integration constants in the above formulas are denoted Cq, Ci, Aq, tq, g2{o) 
and ipQ. 

The metric ( H3|) describes families of Ricci flows of the 3D Taub-NUT 
like solutions for any prescribed values g2(t) and polarization of cosmological 
constant X[v]{t) = dt\n ^/\A{t)\. We can consider more particular cases when 
X[v]{t) is any oscillating function, or one dimensional solitonic wave on the 
time like coordinate t. Such flows preserve the separation of variables and 
the vanishing torsion for the Levi-Civita connection. 
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3.1.3 3D Ricci flows on nonholonomic time like coordinate 



We consider another class of Ricci flows of 3D metrics. We take the 
primary ansatz in the form ( HTl) but with a reparametrization of coordinates 
(it — > ix, "d ^ id^r ^ it) and diflerent signature and parametrization of the 
nontrivial metric and N-connection coefficients, 

= ^,y^ = v = t,y^ = x\ ^2 = -l,t^ = l,ti = l- (44) 

/2 ^ 12 ^ l2 

hit) = -sin^t, hs = -, hi = n2{t) = 2ncost. 

4 4 lon^ 

The quadratic element ds"^ defined by the data define another class of Thors- 
ton's geometries and exact solutions of 3D Einstein equations with negative 
cosmological constant also considered in Ref. Transforming confor- 

mally the primary metric, ds"^ — > ds^^-j = (^2)"^ ds"^, and then applying a 
nonholonomic transform, one generates the target ansatz 

ds"" = e2V2Wm' + ^3V3{^,t)^dt^ 

+eM^, t)^ [dx + vti^, t) n2{t)d§] ' (45) 

which is of type ([3]) with the coefficients considered to be certain functions 
(!28|) . (!29l) . (!30l) and fl3Tl) induced by nontrivial polarizations r]2{^),ri3{'d,t), 
Tjli'd^t) and W2{'&,t) in order to solve the 3D equations (fT^ - (|T^ and the 
fiow equation fl39p . This ansatz also may define Ricci flows on time like 
coordinate t but in a very diflerent form than ( H2l) : In this case we shall have 
an angular anisotropy on d and locally anisotropic flows on time t (in the 
previous example the flow coordinate was holonomic for the equation ([3] 

The method of constructing the solutions of ffT^ - ffT^ for the ansatz 
is completely similar to that considered in the previous example. For sim- 
plicity, we shall omit details and write down the solution applying formulas 
(EHD, (1291), (I30D and (I3ID stated for the data ^ and 

h h 



92{t) 92{t) 

iV| = 0, N^ = n2{^,t)=4{^,t)Mt), (46) 

when = "i? and = v = t. The solutions for Ricci flows with separation 
of variables are of type f HOl) parametrized in the form 

g = g2md^f + B{t) [de + {dxf] , (47) 
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when hs = = B{t) with B{t) defined from 

ci \Yi\B{t)\- CQBit) =t + to, 

see formula (IHTj) . For this metric ("i?, t) = and A[t,](t) = dt In 

The Ricci fiows defined by the solutions fH7|) are on nonholonomic time 
coordinate t. They are defined for any coefficient g2{^) and any \[v]{t) run- 
ning in time in a manner compatible with = h^. For such solutions, the 
cosmological constant is anisotropically polarized on angular coordinate d 
in the "horizontal" direction and runs on nonholonomic time variable t in 
the vertical 2D subspace. The class of metrics fl47p describes Ricci fiows of 
conformally deformed Thorston's geometries stated by polarizations (H6ll and 
data dHj). 



3.2 New classes of 3D exact solutions of Einstein equa- 
tions 

There is a subclass of Thorston's geometries parametrized by stationary 
metrics which under nonholonomic deformations transform into other classes 
of exact solutions defining nonholonomic (foliated) 3D spacetimes. In this 
case we consider only solutions of the equations (fT2i) - (|T4l) but do not subject 
the metric and N-connection coefficients to solve the equations (JT5l) and (fT6l) . 

We consider the primary ansatz 

= e2g2{v){dx^f + e^h{dvf + eji^ [dy^ + h2{x^)dx^f . (48) 

For the data 

= 'd^y^ = r,y'^ = t]e2 = l,e^ = l,ei = -I] 

{(/^/4)sinh^r; ( — 2ncoshr; 

(/^/4) cosh^ r; and fi2 = s — 2nsinhr; 
(/V4)e2'-; [ -2ne'- 

we get other three classes of exact solutions of 3D Einstein field equations 
with negative cosmological constant A = —1//^ and nut parameter n con- 
sidered in Ref. [16] and corresponding to some Lorentzian versions of the 
so-called Thurston's geometries [13] (we already considered different types 
of primary 3D exact solutions given by ansatz fHTl) and data 0441) ) . Then we 
introduce a conformal map ds^ —>■ ds%y = [g2{v)]~^ ds^ and then a nonholo- 
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nomic deformation to the off-diagonal ansatz 



-Vii^,r)J^ \dt + r]l{^,t)n2ir)di9? 
92{r) 

were we trivially embedded the 3D ansatz into a 4D (this is necessary in order 
to consider cosmological constants induced from string gravity). This metric 
is of type ([3]) with polarization functions ( |27|) and N-connection coefficients 
parametrized in the form 



91 



1, 92 = V2{^), h = Vsi^^r)- 



92[r} 



hi = ?74(t9,r)- 



hd 



92[r) 



(49) 



W2{'d, r), N2 = n2{'d, r) = 'r]2{'&, r)n2{r). 



We can use formulas (!2H|) . (12^ . (IHUI) and (IHTl) in order to write down the 
general solution of the Einstein equations with effective cosmological constant 
induced from string gravity. The solutions for A^^,] = — are given by the 
coefficients of the d-metric 



= 1, (72(^) =r/2(^), 



(50) 



^l92{r) 



hd 



^4 (f>(^,r) ^4 



92[r) 



where ipo and (72(0) are integration constants and 0(^9, r) is an arbitrary func- 
tion, and of N-connection coefficients 



W2 = -d^(l){d,r)/dr<p{^,r) 
n2 = n2[i]i'd) +n2[2]{'&) nk{'d,r) 
M^,r)= [ h,{^/m)-^dr, 



(51) 



and 
where 



for hi, /13 7^ 0. We can define the polarization functions by introducing ( l50l) 
and dsn) into (Ml. 

Putting together the defined coefficients, we construct this class of 3D 
exact solutions generated effectively in string gravity: 

2 



ds' 



{dx^f + 92 {d^f + {dr 
hd 



, hd 



dr — ^^d'd 
Ord) 



>^h92 



dt + i n2[i] + n2[2] / hs{y/\h^\) ^dr ) n2 d'd 



.(52) 
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Such solutions are induced as nonholonomic string deformations of confor- 
mally deformed Thurston's geometries stated by the primary metrics (1481) . 
They define nonholonomic fibrations over 3D spacetime trivially embedded 
into the 4D spacetime. This family of solutions is generated by arbitrary 
integration functions 0(^9, r), n2[i]('i9) and n2[2]{'&) and integration constants 
ipo and g2{o)- The subclass of solutions with trivial torsion for the Levi Civita 
connection (nevertheless with nontrivial string torsion) can be extracted if we 
impose the condition n2[2] = and chose, for instance, r) = (f)i{^)4>2{r) 
to induce a parametrization of type W2 = W2{'d)q{r). This defines certain 
spacetimes as 3D foliation structures. In the limit of trivial polarizations 
?7 — >• 1 and W2 — > 0, with A[„] = — A|^/4 — > —l/t^ the metric fl52|) does not 
transform into a solution of the 3D Einstein equations with cosmological con- 
stant A = — but into a conformal transform of a such solution stated 
above by ds^^^y This is because, as a matter of principle, the anholonomic 
frame method can be applied to deform primary metrics with are not exact 
solutions. Nevertheless, the final result is always related to certain classes of 
generic off-diagonal solutions. 

It should be noted that for 3D curved spaces any metric can be diag- 
onalized by corresponding coordinate transforms. This holds true for the 
generated classes of solutions. We can not apply any type of coordinate 
transform if we wont to preserve a prescribed nonholonomic/ foliated struc- 
ture for new classes of locally anisotropic Taub-NUT spacetimes. Finally, we 
note that the solutions fl3^ can not be deformed (following the anhlonomic 
frame method applied in this work) into certain solutions of the Ricci flow 
equations because the time like coordinate for the considered family of ansatz 
was chosen to be = t, when the primary and target metrics do not depend 
on this variable by definition. So, such flow solutions can not be constructed 
but stationary generic off-diagonal solutions of the Einstein equations are 
possible. 

4 Outlook and Discussion 

We have considered here three dimensional solutions of the Ricci flow 
equations, in a special case, defining flows of the Thorston's geometries and 
corresponding Taub-NUT like metrics. These solutions were constructed 
following the anholonomic frame method and the geometry of 3D foliated 
manifolds, in general, with nontrivial torsion. The novelty of the method is 
that it allows to consider off-diagonal Ricci flows with possible constrains 
and nonholonomic deformations resulting in effectively nonholomogeneous 
cosmological constants with anisotropic polarizations modeling flows of the 
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Einstein spaces. The solutions can be generalized for four dimensions as it 
is considered in the partner paper |12j . 

It was found that depending of the fact if the time like flow coordinate 
is holonomic or anholonomic the type of flows and admissible polarizations 
of the cosmological constants are very different. In the first case there are 
possible both, for instance, angular and time dependencies of the cosmolog- 
ical constant but in the second case there are self-consistent only configura- 
tions with running in time cosmological "constants". For certain classes of 
Thurston's geometries it is not possible to generate anholonomic Ricci flows, 
following our methods of solutions. Nevertheless, generalizations to new 
classes of exact 3D solutions defining generic off-diagonal Einstein spaces 
can be obtained. Here, one should be noted that even in 3D every metric 
can be diagonalized by coordinate transforms, the off-diagonal metric terms 
have a special physical importance if certain nonholonomic constraints and 
contributions of torsion, for instance, from string gravity are taken into con- 
sideration. 

The method elaborated in this work can be applied for any signatures of 
metric and for various primary metrics and linear connections (even they do 
not define an exact solution) nonholonomically deformed in order to generate 
exact solutions of the Ricci fiow equations. In a number of cases, there are 
nontrivial limits of the fiow solutions to certain classes of exact solutions of 
the field equations. 

We leave for future work the study of thermodynamic properties of such 
solutions which can be considered as some equilibrium states of a correspond- 
ing locally anisotropic space time kinetic model [22l [23]. It is also worth 
mentioning can be used as test "fiow" grounds for AdS/CFT correspondence 
and various models with nontrivial topology f^M [2S] • 
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